Abstract. Let X be a separable Banach space and (X n ) n a sequence of closed subspaces of X satisfying X n ⊂ X n+1 for all n. We first prove the existence of a dense-range and injective compact operator K such that each KX n is a dense subset of X n , solving a problem of Yahaghi (2004) . Our second main result concerns isomorphic and dense-range injective compact mappings between dense sets of linearly independent vectors, extending a result of Grivaux (2003) .
Introduction
Let X be an infinite-dimensional separable real or complex Banach space and denote by L(X ) the algebra of all bounded and linear mappings from X to X . A chain of subspaces of X is defined to be a sequence (at most countable) (X n ) n≥0 of closed subspaces of X such that X 0 = {0} and X n ⊂ X n+1 for all n ≥ 0. The identity map on X is denoted by Id. Section 2 of this paper is devoted to the construction of injective and denserange compact operators K ∈ L(X ) such that KX n is a dense subset of X n for all n. Note that for separable Hilbert spaces, using an orthonormal basis B and diagonal compact operators relative to B, it is not difficult to construct injective, dense-range and normal compact operators such that each KX n is a dense subset of X n . Nevertheless, in the case of an arbitrary Banach space, the construction is not so obvious. In [6] , Yahaghi obtained partial results. He proved that there exist dense-range compact operators K such that KX n is a dense subset of X n and there exist injective compact operators such that KX n ⊂ X n . Section 3 of the paper was motivated by Lemma 2.1 of [1] , asserting that, on a general separable Banach space X , two dense sets of linearly independent vectors of X are isomorphic. We construct injective, dense-range and compact mappings between dense sets of linearly independent vectors in X .
In our construction we shall make use of biorthogonal sequences in Banach spaces. Recall that a sequence (x n , x * n ) in X , where each x n lies in X and x * n in X * , is biorthogonal if x * n (x m ) = 0 for m = n while x * n (x n ) = 1 for all n. It is fundamental if the linear span of the vectors x n is dense, and it is total if the only vector x such that x * n (x) = 0 for all n is the zero vector. Every separable Banach space possesses fundamental total biorthogonal sequences, and they can even be found such that ( x n x * n ) is bounded [3] . We refer to [2] for a detailed account of this subject.
Injective and dense-range compact operators preserving chains
Let (X n ) n≥0 be a chain of subspaces of X . Our aim is to construct an injective and dense-range compact operator K such that KX n is a dense subset of X n for all n ≥ 0. The first result is elementary, but is the key to more elaborate constructions. Proof. There exists a fundamental and total biorthogonal sequence (x n , x * n ) n≥1 for X with x n = 1 for each n (see [2] ). We may assume if we like that the (x * n ) are also uniformly bounded, although this is not needed here. Define the compact operator K by
Clearly the range of K contains all finite linear combinations of the vectors x n and is dense since the (x n ) are a fundamental system. If Kx = 0, then x * k (Kx) = 0 for each k, which implies that x * k (x) = 0 for each k and hence x = 0 since the (x * n ) are total.
The following theorem gives a positive answer to a question posed by Yahaghi [6, Proof. Take fundamental total biorthogonal sequences (y n , y * n ) and (w n , w * n ) in the separable Banach spaces Y and X /Y respectively. Using the Hahn-Banach theorem we may suppose that y * n is extended to an element of X * , and we keep the same notation.
Note that the quotient mapping p : X → X/Y is a contraction, and its adjoint is a mapping p
Let us suppose that both Y and X /Y are infinite-dimensional: if one is finitedimensional the same construction works, with some of the sums being finite. Without loss of generality y n = 1 and w n = 1 for all n, so we can choose x n ∈ X with p(x n ) = w n and x n ≤ 2.
Clearly K is a compact operator and, if y ∈ Y, then x * n (y) = (p * w * n )(y) = w * n (py) = 0 for each n, and so K maps Y into Y. Also the image space KY is dense in Y as in Proposition 2.1.
Note that Ky n is a nonzero multiple of y n and that Kx n is a vector in Y plus a nonzero multiple of x n , since
It remains to show that KX is dense in X and that K is injective. If x ∈ X , then for each ε > 0 we can find a finite linear combination w = c n w n = p( c n x n ) with p(x) − w < ε/3; thus there is a vector y ∈ Y with x − c n x n − y < 2ε/3, and finally a finite sum b n y n with y − b n y n < ε/3, giving
and KY is dense in Y, and we deduce that K has dense range.
Suppose finally that Kx = 0. Applying x * m to Kx we deduce that x * m (x) = 0 for each m, and so x ∈ Y. Hence
Applying y * m we deduce that y * m (x) = 0 for each m and hence x = 0.
The above proof could be shortened, but would become less elementary, by applying stronger results on the extension of biorthogonal sequences. We shall use the above proof technique, together with the more difficult results, in order to deal with chains of subspaces, as in the next theorem; this also provides stronger forms of results given by Yahaghi [6] . Theorem 2.2. Let X be a separable infinite-dimensional Banach space and let (X n ) n≥0 be a chain of subspaces of X . Then there is a dense range and injective compact operator K such that KX n is a dense subspace of X n for all n.
Proof. We shall use the known result that a uniformly bounded fundamental total biorthogonal sequence for a subspace of a Banach space can be extended to a uniformly bounded fundamental total biorthogonal sequence for the larger space (cf. [4, 5] ). Assuming this result, we construct the operator K given by
where {(x jk , x * jk |X n ) : j ≤ n, k ≥ 1} is a uniformly bounded fundamental total biorthogonal sequence in each X n . (Our notation assumes that each X n+1 /X n is infinite-dimensional; an obvious modification should be made if not.)
If the union of the X n is dense, then this is the operator required, as it can be shown in a fashion similar to Proposition 2.1 that this operator is compact and injective, mapping X n densely into X n . Otherwise, let Y denote the closure of the union of the spaces X n . As in the proof of Theorem 2.1, we may find a biorthogonal sequence (w n , w * n ) for X /Y with w n = 1 for all n. Writing p for the quotient mapping from X onto X /Y, we choose x n ∈ X with p(x n ) = w n and x n ≤ 2 and
The desired operator is given by
and its properties are verified as in the proof of Theorem 2.1.
Isomorphic and compact mappings between dense independent sets
We first recall an ingenious lemma of S. Grivaux, which motivates what follows. A simple way to construct a countable dense linearly independent set in a separable infinite-dimensional Banach space X is to begin by choosing a linearly independent set U = {u n : n ≥ 1} of normalized vectors in X such that the linear span of U is dense. Next, let T = {t m : m ≥ 1} be an enumeration of the set of finite linear combinations of vectors in U with coefficients in Q (or Q + iQ if the Banach space is complex). Then T is dense, and hence so is the set S = {t m + u f (m) /m : m ≥ 1}, for any f : N → N. We can guarantee that S is an independent set by choosing the sequence (f (m)) to be increasing sufficiently rapidly.
In order to obtain an analogous version of Lemma 3.1 replacing isomorphism by injective and dense-range compact operator, we first need the following observation.
Proposition 3.1. If (v n ) is a dense independent set in X and T : X → X is a bounded linear operator that is injective with dense range, then (T v n ) is also a dense independent set in X .
Proof. Take any x ∈ X and choose vectors
Thus the (T v n ) form a dense set. Also, if N n=1 a n T v n = 0, then N n=1 a n v n = 0, since T is injective, so a 1 = a 2 = . . . = a N = 0, and hence the (T v n ) are independent.
Combining these results, we obtain the following. Proof. Let T be any compact injective operator on X with dense range, for example the one given in Proposition 2.1. By Proposition 3.1, the vectors (T v n ) form a dense independent set U in X . Now by Lemma 3.1 there is an isomorphism L such that L(U ) = W . In other words, if we define K = LT , then K is compact and injective with dense range, and
In the spirit of the results of Section 2, we now look at mappings involving subspaces. The main result of this section is the following theorem. 
If at any stage an operator already satisfies the additional mapping conditions required of its successor, then its successor is defined to be the same operator once more; otherwise the new operator is defined as a small perturbation of its predecessor (for example, with
−k , where T k denotes the kth operator constructed).
We proceed as follows: 
, and K 1 t 1 = u r 1 for some r 1 ; to achieve this choose z * 1 such that z * 1 (y) = 0 for all y ∈ Y, z * 1 (t 1 ) = 1, and take z 1 ∈ X small such that
, and L 1 t s 1 = u 1 for some s 1 ; to achieve this choose a * 1 with a * 1 (y) = 0 for all y ∈ Y, a * 1 (u r 1 ) = 0, a * 1 (u 1 ) = 1, and take a 1 ∈ X small such that K
We then cycle around through I 2 , J 2 , K 2 and on to L 2 , and continue in this fashion for k = 2, 3, . . ..
(1) We take x * k (v k ) = 1 and x * k (x) = 0 for y ∈ {v j , v q j , t j , t s j : j < k}, and x k ∈ Y is sufficiently small; then we can ensure that
We take y * k (w k ) = 1 and y k (x) = 0 for x ∈ {w p j , w j , u r j , u j : j < k} ∪ {w p k }, and y k ∈ Y is sufficiently small; then we can ensure that
We take z * k (t k ) = 1 and z * k (x) = 0 for x ∈ Y ∪ {t j , t s j : j < k}, and z k ∈ X is sufficiently small; then we can ensure that
We take a * k (u k ) = 1 and a * k (x) = 0 for x ∈ Y ∪{u r j , u j : j < k}∪{u r k }, and a k ∈ X is sufficiently small; then we can ensure that
Provided that the vectors x k , y k , z k and a k are chosen sufficiently small at each stage, these choices ensure that each operator is invertible and maps Y onto Y, and that the sequence converges in norm to an operator L with the desired properties. ( 
